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We describe a wide class of inhomogeneous relativistic solutions that are well approximated on
cosmological scales by solutions of Newtonian gravity. Error estimates measuring the difference
between the Newtonian and relativistic solutions are given. The solutions presented here unam-
biguously demonstrate that it is possible for Newtonian gravity to provide a good approximation to
General Relativity on cosmological scales.
INTRODUCTION
In recent years, there has been a resurgence in inter-
est in the relationship between Newtonian gravity and
General Relativity on cosmological scales [1–9], which
is motivated by questions surrounding the physical in-
terpretation of large scale cosmological simulations us-
ing Newtonian gravity and the role of Newtonian gravity
in cosmological averaging. The overriding fundamental
question is in what sense, if any, does Newtonian grav-
ity provide an approximation to General Relativity on a
cosmological scale.
At the level of field equations, it is well known that
the relationship between Newtonian gravity and General
Relativity can be established through the introduction of
a small parameter ǫ = v/c, where v is a typical speed of
the gravitating matter and c is the speed of light, into the
Einstein-matter field equations. By assuming an appro-
priate dependence of the metric and matter fields on ǫ,
the Newtonian-matter field equations are then recovered
in the singular limit ǫց 0. Although this type of formal
calculation is transparent, it does not provide any real
answers because the physics is governed by solutions of
the Einstein-matter equations, and consequently, it is the
solutions that must be examined in the limit ǫ ց 0. In
general, this is a much more difficult task; in the articles
[10, 11], we introduced an approach to rigorously analyze
this problem with the goal of constructing 1-parameter
families of ǫ dependent solutions to the Einstein-Euler
equations that limit, as ǫ ց 0, to solutions of the cos-
mological Poisson-Euler equations of Newtonian gravity.
Although we were able to construct such solutions, it was
pointed out in [5] that the class of solutions we produced
are not valid on a cosmological scale. As a consequence,
the results of the article [10, 11] do not directly address
the relationship between solutions of Newtonian and Ein-
stein gravity on a cosmological scale; however, the fact
that a large class of solutions of the cosmological Poisson-
Euler equations were shown to be limits of relativistic
solutions strongly suggests that Newtonian gravity can
provide a good approximation to fully relativistic solu-
tions on a cosmological scale.
In this article, we describe improvements to the ap-
proach used in [10, 11] that address the deficiencies
pointed out in [5]. The result being that we can prove
the existence of 1-parameter families of solutions to
the Einstein-Euler equations that are uniformly approx-
imated on cosmological scales by solutions of the cosmo-
logical Poisson-Euler equations. We will not dwell here
on the technical aspects of the construction, and instead
concentrate on describing the solutions, and more im-
portantly, the way in which they approximate relativis-
tic cosmological solutions. Technical details for the con-
struction will be provided in a forthcoming article [12].
In order to describe our new 1-parameter families of
solutions and the improvement over the previous results
[10, 11], we first fix our notation. We let x¯ = (x¯I) (I =
1, 2, 3) denote global Cartesian coordinates on R3, which
can be thought of as “spatial” coordinates. We also as-
sume that spacetime is a slab of the formM = [0, T ]×R3
on which x¯ = (x¯i) = (x¯0, x¯I) are global Cartesian coor-
dinates. We refer to the (x¯i) as relativistic coordinates.
These coordinates are characterized by the requirement
that the spacetime metric g¯ = g¯ijdx¯
idx¯j converges, in
these coordinates, to a well-defined Lorentzian metric in
the limit ǫց 0.
By suitably rescaling the spacetime metric g¯ =
g¯ijdx¯
idx¯j and fluid variables {ρ¯, v¯ = v¯i∂¯i}, the (isen-
tropic) Einstein-Euler equations, in the coordinates (x¯i),
can be written in the following non-dimensionalized form
G¯ij = 2
(
T¯ ij − Λg¯ij
)
, (1)
∇¯iT¯
ij = 0, (2)
where
T¯ ij = (ρ¯+ p¯)v¯iv¯j + p¯g¯ij
is the stress energy tensor of an isentropic perfect fluid
with equation of state
p¯ = ǫ2f(ρ¯),
and the fluid four-velocity v¯i is normalized according to
v¯iv¯i = −1.
In the more familiar and well studied setting of iso-
lated systems, we previously [13] established the exis-
tence of 1-parameter families of solutions {g¯ǫij , v¯
i
ǫ, ρ¯ǫ},
20 < ǫ ≤ ǫ0, to the Einstein-Euler equations (1-2) on
M = [0, T ] × R3 that converge, in a suitable sense, to
solutions of the Poisson-Euler equations of Newtonian
gravity. In the relativistic coordinates, the metric g¯ǫij
for these solutions converges uniformly to the Minkowski
metric ηij as ǫց 0, while the density ρ¯ǫ is of character-
istic size ∼ ǫ and concentrates, when suitably rescaled,
to a Dirac delta function about its center of mass in the
limit ǫ ց 0. This agrees with the expected behavior
for the Newtonian limit of isolated systems. For readers
unfamiliar with this viewpoint on the Newtonian limit,
a more traditional viewpoint is achieved by transform-
ing to Newtonian coordinates (t, xI), which are related
to the relativistic coordinates through the simple scaling
relation
x¯0 = t, x¯J = ǫxJ .
Expressed in these coordinates, the metric gǫij converges
to a degenerate two tensor, while the density ρǫ and
spatial components of the fluid velocity vIǫ converge uni-
formly to solutions of the Poisson-Euler equations.
In the articles [10, 11], we established the existence of
1-parameter families of solutions {g¯ǫij , v¯
i
ǫ, ρ¯ǫ}, 0 < ǫ ≤ ǫ0
to the Einstein-Euler equations (1-2) onMǫ ∼= [0, T ]×T
n
that converge to solutions of the cosmological Poisson-
Euler equations as ǫ ց 0. Lifting these to the cover-
ing space, they become periodic solutions of (1-2) on
M ∼= [0, T ] × Rn with period ∼ ǫ. This leads, as dis-
cussed in [5], to the interpretation of these solutions as
being local since the “size” of the torus is ∼ ǫ, and hence,
shrinks to zero in the limit ǫ ց 0 in complete analogy
with the behavior of isolated systems where the matter
is of characteristic size ∼ ǫ and shrinks to zero in the
limit ǫ ց 0. One concludes from this that the solutions
from [10, 11] do not represent fully relativistic solutions
that converge on cosmological scales to solutions of the
cosmological Poisson-Euler equations, but instead, rep-
resent solutions that converge on scales comparable to
isolated systems.
Our approach to extend the results from [10, 11] to
cosmological scales is to essentially “glue” together mul-
tiple, spatially separated solutions that have local behav-
ior similar to the solutions from [10, 11]. The main diffi-
culty is keeping the local solutions separated in the limit
ǫ ց 0 by a finite light travel time, which is absolutely
necessary for the total solution to be cosmologically rel-
evant. Keeping this separation is difficult because it is
in conflict with basic assumption of the Newtonian limit,
which is that the speed of light, relative to a character-
istic matter speed, goes to infinity. In this sense, the
Newtonian limit in the cosmological setting is even more
singular than the standard Newtonian limit.
The key to achieving the required separation is in the
correct choice of initial data. As we describe below,
the cosmological Newtonian limit requires that the ini-
tial data for both the Einstein-Euler equations and the
cosmological Poisson-Euler equations be chosen in an
ǫ-dependent fashion. This is in stark contrast to the
standard Newtonian limit where the initial data for the
Poisson-Euler equations is ǫ-independent. One immedi-
ate consequence is that, in the cosmological setting, there
is no global convergence as ǫց 0 for the matter fields in
the Newtonian coordinates. Instead, there is local con-
vergence around the center of mass of each of the local
systems to a solution of the cosmological Poisson-Euler
equations.
COSMOLOGICAL NEWTONIAN SOLUTIONS
The starting point for our construction is to pro-
duce cosmologically relevant solutions of the cosmological
Poisson-Euler equations given by
∂0µ˜+ n˜
I∂I µ˜+ ρ˜∂I n˜
I = 3µ˜Ψ˜′, (3)
ρ˜
(
∂0n˜
J + n˜I∂I n˜
J
)
+ f ′
(
ρ˜
)
∂J µ˜ = − 14 ρ˜Φ˜
J + ρ˜n˜JΨ˜′, (4)
∂0
(
e−Ψ˜Φ˜I
)
+ 4RIRJ
(
eΨ˜ρ˜n˜J
)
= 0, (5)
α˜′ − 3Ψ˜′α˜ = 0, (6)
Ψ˜′′ − 12
(
Ψ˜′
)2
= −e−2Ψ˜Λ, (7)
where (·)′ = d(·)/dt denotes differentiation with re-
spect to time, (t,x) = (t, xI) are Newtonian coordinates,
∂I = ∂/∂x
I , ∆ = δIJ∂I∂J is the Euclidean Laplacian,
RI = −(−∆)
−1/2∂I is the Riesz transform
1, and the
spatial indices (i.e. I, J,K) are raised and lowered with
the Euclidean metric δIJ . In this formulation
ρ˜(t,x) = α˜(t) + µ˜(t,x)
is the mass density, the pressure p˜ is determined by the
equation of state
p˜ = f(ρ˜),
Λ is the cosmological constant, Ψ˜(t) is a time dependent
conformal factor that accounts for the expansion of space,
and nI is the conformally rescaled fluid 3-velocity.
The initial data for (3-7) separates into free and con-
1 The operator (−∆)−
1
2 can be computed via the formula
(−∆)−
1
2 (f)(x) = 1
2pi2
∫
R3
f(y)
|x−y|2
d3y for functions f(x) that de-
cay sufficiently fast near infinity.
3strained components. For the free initial data, we choose
α˜(0) = αˆ, (8)
Ψ˜(0) = Ψˆ, (9)
µ˜(0,x) = µˆy,ǫ(x) :=
N∑
a=1
µˆa(x− ya/ǫ), (10)
n˜I(0,x) = nˆIy,ǫ(x) :=
1
αˆ+ µˆy,ǫ(x)
×(√
2
3e
−2Ψˆ(αˆ+ Λ)∂I∆−1µˆy,ǫ(x) +
N∑
a=1
nˆIa(x− ya/ǫ)
)
,
(11)
where ∆−1 is the inverse Laplacian2, αˆ > 0, Ψˆ ∈ R, ǫ > 0,
y = (y1, . . . ,yN ) ∈ (R
3)N , µˆa, nˆ
I
a ∈ L
6/5(R3)∩Hs+1(R3)
with s > 3/2 + 1, and the αˆ and µˆa are chosen so that
ρ˜(0,x) = αˆ+µy,ǫ(x) ≥ c0 > 0 ∀ x ∈ R
3, ǫ > 0, y ∈ R3N
for some constant c0. The constrained initial data is de-
termined in terms of the free data by
Ψ˜′(0) =
√
2
3e
−2Ψˆ(αˆ+ Λ) (12)
and
Φ˜I(0,x) = ∂IΦˆ(x), (13)
where Φˆ is a solution
∆Φˆ(x) = 4e−2Ψˆµ˜(0,x).
We note that the terminology of constrained initial data
is appropriate as it can be shown that the initial data
constraints (12-13) are preserved under evolution; that
is, solutions of (3-7) subject to (12-13) satisfy
Ψ˜′ =
√
2
3e
−2Ψ˜(α˜+ Λ) (14)
and
Φ˜I = ∂IΦ˜,
where Φ˜ solves
∆Φ˜ = 4e−2Ψ˜µ˜.
We also observe that the evolution equations (6-7)
subject to the initial data constraint (12) are com-
pletely equivalent to the equations of motion satisfied by
a Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) dust
solution with a cosmological constant Λ. To see that this
2 Given explicitly by ∆−1(f)(x) = − 1
4pi
∫
R3
f(y)
|x−y|
d3y for func-
tions f(x) that decay sufficiently fast near infinity.
is the case, we define a conformal related time parameter
τ = τ(t) by
τ =
∫ t
0
e−Ψ˜(s) ds,
and set a(τ) = e−Ψ˜(t(τ)) and α(τ) = α˜(t(τ)). A straight-
forward calculation using (6-7) and (14) then shows that
{a(τ), α(τ)} satisfy
3
(
a˙
a
)2
= 2(α+ Λ)
(
a˙ = da/dτ
)
,
3
a¨
a
= −(α− 2Λ),
which agrees with the standard presentation of the
FLRW dust equations with a cosmological constant.
At the initial time t = 0 and for fixed ǫ > 0, the initial
data (8-13) represents a fluid that initially consists of a
homogenous component of size αˆ that is superimposed
with N density3 “fluctuations” centered at the spatial
points ya/ǫ ∈ R
3 (a = 1, 2, . . . , N) with profiles deter-
mined by the functions µˆa. Moreover, it can be shown
that the initial data can be estimated by
‖µˆy,ǫ‖L6/5 + ‖µˆy,ǫ‖Hs+1 ≤
N∑
a=1
(
‖µˆa‖L6/5 + ‖µˆa‖Hs+1
)
and
‖nˆy,ǫ‖L6/5 + ‖nˆy,ǫ‖Hs+1 ≤ C
(
‖µˆy,ǫ‖Hs+1
) N∑
a=1
(
‖µˆa‖L6/5
+ ‖µˆa‖Hs+1 + ‖nˆa‖L6/5 + ‖nˆa‖Hs+1
)
.
A direct consequence of this is that the size of the initial
data in the space L6/5(R3)∩Hs+1(R3) is independent of
the choice of y ∈ (R3)N and ǫ > 0. Standard existence
theorems for hyperbolic equations then guarantee the ex-
istence of a T > 0, independent of y ∈ (R3)N and ǫ > 0,
and maps
µ˜y,ǫ, n˜
I
y,ǫ, Φ˜
I
y,ǫ ∈
1⋂
ℓ=0
Cℓ([0, T ], Hs+1−ℓ(R3)), (15)
α˜, Ψ˜ ∈ C∞([0, T ],R), (16)
such that {µ˜y,ǫ, n˜
I
y,ǫ, Φ˜
I
y,ǫ, α˜, Ψ˜} solves (3-7) on the space-
time regionM = [0, T ]×R3 and agrees at t = 0 with the
initial data (8-13).
3 We can even take N = ∞ provided that the µˆa and nˆa sat-
isfy
∑∞
a=0
(
‖µˆa‖L6/5 + ‖µˆa‖Hs+1
)
<∞ and
∑∞
a=0
(
‖nˆa‖L6/5 +
‖nˆa‖Hs+1
)
<∞, respectively.
4COSMOLOGICAL APPROXIMATIONS
The interpretation of the Newtonian cosmological so-
lutions from the previous section rely on the existence
of a nearby relativistic solution. That such relativistic
solutions exists is a consequence of the results of [12],
which are, in turn, based on the ideas developed in the
articles [10, 11, 13–15] where related problems were ad-
dressed. For the purposes of this article, the details of the
existence proof are not important, the only relevant fact
is that they exist and are approximated by, in a suit-
able sense, the Newtonian cosmological solutions from
the previous section.
The basic existence and approximation results from
[12] may be summarized as follows: letting T be as in
(15-16) and s > 3/2+ 1, there exists an ǫ0 > 0 such that
for every (y, ǫ) ∈ (R3)N × (0, ǫ0] there exists maps
4
ψy,ǫ, ψy,ǫ0 , µy,ǫ, u
ij
y,ǫ ∈
1⋂
ℓ=0
([0, T ],Ks−ℓ(R3) ∩ L6(R3)),
(17)
ψy,ǫI , n
y,ǫ
I ,Φ
I
y,ǫ, u
ij
y,ǫ,k ∈
1⋂
ℓ=0
Cℓ([0, T ], Hs−ℓ(R3)), (18)
αǫ,Ψǫ ∈ C
∞([0, T ],R), (19)
that satisfy the estimates
‖uijy,ǫ‖L∞([0,T ],Ks−1∩L6) + ‖u
ij
y,ǫ,0‖L∞([0,T ],Ks−1∩L6)
+ ‖uijy,ǫ,I − δ
i
0δ
j
0Φ˜y,ǫ,I‖L∞([0,T ],Ks−1∩L6) ≤ Cǫ, (20)
‖ψy,ǫ‖L∞([0,T ],Ks−1∩L6)
+ ‖ψy,ǫi ‖L∞([0,T ],Ks−1∩L6) ≤ Cǫ,
(21)
‖µy,ǫ − µ˜y,ǫ‖L∞([0,T ],Ks−1∩L6) + ‖n
y,ǫ
0 ‖L∞([0,T ],Ks−1∩L6)
+ ‖ny,ǫI − n˜
I
y,ǫ‖L∞([0,T ],Ks−1∩L6) ≤ Cǫ, (22)
and
‖αǫ − α˜‖L∞([0,T ]) + ‖Ψǫ − Ψ˜‖L∞([0,T ])
+ ‖Ψ′ǫ − Ψ˜
′‖L∞([0,T ]) ≤ Cǫ, (23)
for some constant C independent of y ∈ (R3)N and ǫ ∈
(0, ǫ0]. Moreover, these maps determine a solution
g¯ = g¯ijy,ǫ(x¯)∂¯i∂¯j , v¯ = v¯
y,ǫ
i (x¯)dx¯
i, ρ¯ = ρ¯y,ǫ(x¯),
in relativistic coordinates to the Einstein-Euler equations
(1-2) on the spacetime region M = [0, T ]×R3 according
to the formulas:
4 Here, Ks(R) (s ≥ 1) is the completion of C∞0 (R
3) in the norm
‖u‖Ks = ‖u‖L∞ + ‖Du‖Hs−1 .
g¯ijy,ǫ(x¯
0, x¯) =
e2(Ψǫ(x¯
0)+ǫψ¯y,ǫ(x¯0,x¯))√
− det
(
gˆkly,ǫ(x¯
0, x¯)
) gˆijy,ǫ(x¯0, x¯), (24)
ρ¯y,ǫ(x¯
0, x¯) = αǫ(x¯
0) + µy,ǫ(x¯
0, x¯/ǫ), (25)
v¯y,ǫi (x¯
0, x¯) = e−Ψǫ(x¯
0)−ǫψ¯y,ǫ(x¯0,x¯)
(
−δ0i + ǫn
y,ǫ
i (x¯
0, x¯/ǫ)
)
,
(26)
where
gˆijy,ǫ(x¯
0, x¯) = ηij + ǫuijy,ǫ(x¯
0, x¯/ǫ),
∂¯kgˆ
ij
y,ǫ(x¯
0, x¯) = ǫuijy,ǫ,k(x¯
0, x¯/ǫ),
ψ¯y,ǫ(x¯
0, x¯) = ψy,ǫ(x¯0, x¯/ǫ),
∂¯kψ¯
y,ǫ(x¯0, x¯) = ψy,ǫk (x¯
0, x¯/ǫ),
and the conformal harmonic gauge condition ∂¯igˆ
ij
y,ǫ = 0
is satisfied.
From the estimates (20-23) and the formulas (24-26),
we draw the following conclusions:
(i) the Newtonian solutions (15-16) uniformly approx-
imate fully relativistic solutions on the space time
region M = [0, T )× R3,
(ii) the metric of the fully relativistic solutions can be
viewed as a “perturbation” of a FLRW dust solu-
tion, and
(iii) in the Newtonian coordinates (t,x) and for ǫ1 ∈
(0, ǫ0] small enough, the intersection of the back-
wards light cone emanating from the point (t,x) =
(T, 0) with the hypersurface t = 0 contains the ball
BT/(2ǫ)(0) for all ǫ ∈ (0, ǫ1].
A direct consequence of (iii) is that if we set
I = {a ∈ {1, 2, . . . , N} | |ya| ≤ T/2 },
and fix ǫ ∈ (0, ǫ1], then the point (T, 0), in Newtonian
coordinates, contains in its domain of dependence part
or all, depending on the size of the support of the µˆa, of
the initial density inhomogeneities µˆa(x−ya/ǫ) centered
at ya/ǫ, a ∈ I. Furthermore, we note that since T is
independent of the choice of y = (y1, . . . ,yN ), we can
arrange that #I = P for any P ∈ 1, 2, . . . , N , or in other
words, that an observer near (T, 0) will see P evolving
density fluctuations. By part (i) and (ii), it then follows,
by choosing ǫ ∈ (0, ǫ1] small enough, that not only does
the observer see the P density fluctuations, but also that
the evolution of gravitating fluid is well approximated on
M by the cosmological Newtonian solution (15-16).
Taken together, the above results show that our so-
lutions represent genuine cosmological solutions of the
Einstein-Euler equations that are well-approximated on
cosmological scales by solutions of the cosmological
Poisson-Euler equations. It is also clear from these re-
sults that these new solutions can be interpreted as a
5superposition of local solutions, which have a local be-
havior similar to the solutions from [10, 11], that piece
together into a consistent cosmological solution. In this
way, these new solutions overcome the deficiencies in the
solutions from [10, 11] that were identified in [5].
DISCUSSION
In this article, we describe the existence of a wide
class of inhomogeneous relativistic solutions that are well
approximated by solutions to the cosmological Poisson-
Euler equations of Newtonian gravity on a cosmological
spacetime region of the form M = [0, T ] × R3. This
rigourously establishes that Newtonian gravity can serve
as a good approximation to General Relativity on cos-
mological scales. Moreover, the error estimates (20-23)
provide the precise sense in which the relativistic solu-
tions are approximated by Newtonian ones.
Although we have shown that it is possible to approx-
imate relativistic cosmological solutions by Newtonian
ones, there remains much room for improvement. One
key problem is to determine if the Newtonian solutions
remain a good approximation for large T , that is, in the
limit T → ∞. It is conceivable that there are secular
effects that add up over time and cause the approxima-
tion to eventually break down. Another interesting direc-
tion for investigation is to understand the most general
class of initial data for which the approximation contin-
ues to hold. For example, gravitational radiation could
be present in the initial data as in [15] for the asymptot-
ically flat case. Another direction would be to derive rig-
orous error estimates for the post-Newtonian corrections,
i.e. higher order expansions in ǫ, in order to capture rela-
tivistic effects. Yet another direction would be to include
more sophisticated matter models such as the Boltzmann
equation to model particle scattering processes and also
include electromagnetic effects through coupling to the
Maxwell field equations.
This work was partially supported by the ARC grants
DP1094582 and FT1210045. The motivation to write this
article arose from discussions I had with R.W. Wald and
S.R. Green during a visit to the University of Chicago. I
thank them for their generosity with their time and many
productive and illuminating discussions. I also thank the
referees for their comments and criticisms, which have
served to improve the content and exposition of this ar-
ticle.
∗ todd.oliynyk@monash.edu
[1] T. Buchert and S. Ra¨sa¨nen, Annual Review of Nuclear
and Particle Science 62, 57 (2012).
[2] G. F. R. Ellis, Class. Qauntum Grav. 28, 164001 (2011).
[3] C. Clarkson, G. Ellis, J. Larena, and O. Umeh, Rept.
Prog. Phys. 74, 112901 (2011).
[4] S. Green and R. Wald, Phys. Rev. D 83, 084020 (2011).
[5] S. Green and R. Wald, Phys. Rev. D 85, 063512 (2012).
[6] J. Hwang, H. Noh, and D. Puetzfeld, JCAP 03, 010
(2008).
[7] J. Hwang and H. Noh, JCAP 04, 035 (2013).
[8] S. Matarrese and D. Terranova, Mon. Not. Roy. Astron.
Soc. 283, 1996 (400-418).
[9] S. Ra¨sa¨nen, Phys. Rev. D 81, 103512 (2010).
[10] T. A. Oliynyk, Commun. Math. Phys. 295, 431 (2010).
[11] T. A. Oliynyk, JHDE 7, 405 (2010).
[12] T. A. Oliynyk, “The cosmological Newtonian limit on
cosmological scales,” (2013), in preparation.
[13] T. A. Oliynyk, Commun. Math. Phys. 276, 131 (2007).
[14] T. A. Oliynyk, Commun. Math. Phys. 288, 847 (2009).
[15] T. A. Oliynyk, Adv. Theor. Math. Phys. 16, 359 (2012).
